Abstract. For a torsion unit u of the integral group ring ZG of a finite group G, and a prime p which divides the order of G, but not the order of u, a relation between the partial augmentations of u on the p-regular classes of G and Brauer character values is noted, analogous to the obvious relation between partial augmentations and ordinary character values.
Introduction
This note is about an observation on torsion units in the integral group ring ZG of a finite group G which seemingly has been overlooked so far. There's no harm if we restrict attention to units of augmentation (= sum of coefficients) one of ZG, which form a group V(ZG). A torsion unit in V(ZG) is said to be rationally conjugate to a group element if it is conjugate to an element of G in the units of QG, and according to a conjecture of Hans Zassenhaus, this should always be the case. For the present state of affairs, we refer the reader to [10, 19, 20] .
A close connection with partial augmentations was noted in [18] : A torsion unit u in V(ZG) is rationally conjugate to a group element if and only if for each power of u, all but one of its partial augmentations vanish. Recall that for a group ring element u = g∈G a g g (all a g ∈ Z), its partial augmentation with respect to the conjugacy class of an element x of G, in the following denoted by ε x (u), is g∼x a g (sum over all conjugates g of x in G). From the definition it is obvious that we agree to identify ε x (−) with ε y (−) if x and y are conjugate in G.
For a prime p, a torsion unit is called p-regular if p does not divide its order, and p-singular otherwise. For a p-regular torsion unit u in V(ZG), it was shown in [18] that ε x (u) = 0 for every p-singular element x ∈ G.
These results are known to hold for more general coefficient rings. For example, let R be a Dedekind ring of characteristic zero in which p is not invertible; then the last-mentioned result also holds for p-regular torsion units in V(RG).
Brauer's definition of a p-modular character ϕ as a complex-valued function on G reg (= set of p-regular elements of G), nowadays called Brauer character, can naturally be extended to make ϕ(u) also meaningful for elements u of the set V(RG) Let x 1 , . . . , x r be representatives of the p-regular conjugacy classes of G. From the above, it is easy to deduce our main observation (Theorem 2. This allows us to formulate (in Section 3) a p-modular version of a method, introduced by Luthar and Passi [16] , which imposes constraints on the partial augmentations of p-regular torsion units in ZG.
It appears to us that this method is extremely powerful for some series of nonsolvable groups. In Section 4, we verify the Zassenhaus conjecture for the symmetric group S 5 , which was done previously by Luthar and Trama [17] using a computer calculation, and in Section 5, we give some evidence that the Zassenhaus conjecture might by verified for the groups PSL(2, p) using the p-modular version of the Luthar-Passi method (a complete proof is given for p = 7, 11, 13). We remark that the Luthar-Passi method is of computational nature, and it seems worthwhile to examine more examples on a computer to see how far the modular versions will take us. This should cause no problem since all tables contained in the Atlas of Brauer Characters [13] and many others are available in the computer algebra system GAP [9] , which provides many functions for computations with characters and character tables.
Brauer characters
A general reference for the following discussion is [7, Chapter 2] . Let G be a finite group, p a prime divisor of its order, and fix a p-modular system (K, R, k) such that char(K) = 0, with K sufficiently large relative to G. Then also k = R/πR is sufficiently large relative to G.
Brauer associated with a modular representation ρ : G → GL(n, k) a complexvalued function ϕ on G reg (= set of p-regular elements of G), nowadays called the Brauer character. The way Brauer did this actually shows that we can extend the domain of ϕ to the set V(RG) tor reg of p-regular torsion units in V(RG): To define ϕ(u) for such a unit u, notice that the eigenvalues of ρ(u) are certain roots of unity in k, of order relatively prime to p, and their sum is the trace of ρ(u) (the usual character). We just replace these eigenvalues by corresponding complex roots of unity and call the sum ϕ(u).
We fix elements x 1 , . . . , x r of G which are representatives of the p-regular conjugacy classes of G. If u is a p-regular torsion unit in V(RG), then ε y (u) = 0 for every p-singular element y of G (see [18, Theorem 2.7] and [10, Lemma 2.8]). Hence for a K-character χ,
We shall see in a moment that for Brauer characters, the analogue holds.
The following elementary facts about (these extended) Brauer characters are proved in the exact same manner as [7, (17.5) ]. 
(ii) Let V be a KG-module with K-character χ, and let ϕ be the Brauer character of M/πM , where M is a full RG-lattice in V . Then χ(u) = ϕ(u).
Let χ 1 , . . . , χ h be the ordinary irreducible K-characters of G, and let ϕ 1 , . . . , ϕ r be the irreducible Brauer characters of G. Let D = (d ij ) be the decomposition matrix of G (relative to p). By its definition, and Proposition 2.1, we have
Now we can give a short proof of the main result of this note. Theorem 2.2. Let ϕ be a Brauer character of G (relative to p), and let u be a p-regular torsion unit in V(RG). Then
Proof. By Proposition 2.1(i), it is enough to prove the result for an irreducible Brauer character ϕ j . By (2.2) and (2.1), we have
. . .
The r × r-matrix D t D is the Cartan matrix C, and det(C) = 0. Hence
and we are done.
Finally, we would like to remark that if u is a p-regular torsion unit in V(RG) which is conjugate to an element g of G in the units of KG, then u is already conjugate to g in the units of RG, whence the images of u and g in kG are conjugate in the units of kG (see [10, Lemma 2.9] ).
The Luthar-Passi method
Let G be a finite group. We briefly discuss a method, introduced by Luthar and Passi in [16] , which imposes constraints -once ordinary characters of G are known -on the partial augmentations of a torsion unit in ZG. The idea is to try to exploit the basic fact that the character values of a torsion unit, which are determined by its partial augmentations and the character table, are sums of roots of unity.
It is quite obvious that Theorem 2.2 allows us to formulate, for p-regular torsion units in ZG, a p-modular version of this method once Brauer characters of G are known, see (3.4) below.
The method rests on the following observation. Let U be an invertible matrix over a field K, and assume that U n = 1 for some natural number n which is coprime to the characteristic of K. We also assume that K contains a primitive n-th root of unity ζ. Then, if the traces of the powers of U are known, the eigenvalues of U (including their multiplicities) can be computed by Fourier inversion: Let µ ξ be the multiplicity of an n-th root of unity ξ as an eigenvalue of U . Having the possibility to diagonalize U leads to
Let F be the prime field of K. Collecting summands for which the matrices U i (from which the trace is computed) have the same order yields
Now suppose that u is a unit in CG of finite order n. Let χ be an irreducible C-character of G, afforded by a representation D, and write µ(ξ, u, χ) for the multiplicity of an n-th root of unity ξ as an eigenvalue of D(u). Then (3.1) reads
Note that n · a(ξ, u, χ) and n · b(ξ, u, χ) are rational integers. We also note the following useful relation for units of prime power order:
Now suppose that u ∈ V(ZG). If one tries to verify the Zassenhaus conjecture for G, i.e., if one tries to show that u is rationally conjugate to a group element, then one can assume -by induction on the order of u -that the values a(ξ, u, χ) are "known." Moreover, since the partial augmentations of u are rational numbers,
where the sum runs over representatives of the conjugacy classes of G. Altogether, we have
The values b(ξ, x, χ) assumed to be known (they can be computed from the character table), (3.3) is a linear system of equations in the partial augmentations ε x (u) which clearly imposes restrictions on them: In any case, the natural integers µ(ξ, u, χ) are bounded above by the degree of χ.
Suppose that p is a prime which divides the order of G, but not the order of u. Let ϕ be a Brauer character of G (mod p). Then we may define µ(ξ, u, ϕ), a(ξ, u, ϕ) and b(ξ, u, ϕ) in complete analogy to the above. As in Section 2, let x 1 , . . . , x r be representatives of the p-regular conjugacy classes of G. Then we obtain from Theorem 2.2:
If the Brauer character table of G (mod p) is known, then (3.4) gives again a linear system of equations in the partial augmentations which refines (3.3).
Of course, if G is p-solvable, there is no gain since then each irreducible Brauer character is the "reduction modulo p" of an ordinary irreducible character, by the Fong-Swan-Rukolaine Theorem (see [7, (22 .1)]). For other groups, (3.4) might impose on the partial augmentations stronger conditions than (3.3) . This is illustrated by means of a few examples in the next sections.
The symmetric group S 5
Luthar and Trama [17] verified the Zassenhaus conjecture for the symmetric group S 5 . Their proof is based on a computer calculation which yielded certain congruences between matrix entries with reference to a particular Wedderburn embedding of ZS 5 , and uses a few ad hoc arguments.
It is certainly of interest to know how far the modular versions (3.4) of the Luthar-Passi method contribute to clarify conjugacy questions for torsion units in integral group rings of symmetric groups. The necessary work should be done on a computer.
Here, we only show that Theorem 2.2 can be used to verify the Zassenhaus conjecture for S 5 . The character table of S 5 , and the decomposition matrix together with the Brauer character table of S 5 (mod 5), as obtained from GAP [9] , are shown in Table 1 and Table 2 . 1a 2a 3a 5a 2b 4a 6a For torsion units in V(ZS 5 ) which are not of order 2, 4 or 6, the Luthar-Passi method (3.3) yields rational conjugacy to group elements (as noted in [17] ), so we
1a 2a 3a 2b 4a 6a only deal with the remaining cases, for which we will make use only of the Brauer character table (mod 5). Let u = 1 be a torsion unit in V(ZS 5 ), and let ε 1a , ε 2a , . . . , ε 6a denote its partial augmentations (so ε 2a , for example, denotes the partial augmentation of u with respect to one of the two conjugacy classes of elements of order 2).
By a well-known theorem of Higman and Berman, ε 1a = 0. By [18, Theorem 2.7] (cf. also [10, Lemma 2.8]), we have ε 3a = ε 5a = ε 6a = 0 if u is of order 2 or 4, and ε 5a = 0 if u is of order 6.
Let Θ * be a representation of G which affords the Brauer character ϕ * . Then Θ * (u) ∼ diag(λ 1 , . . . , λ ϕ * (1) ) will indicate that Θ * (u) has eigenvalues λ 1 , . . . , λ ϕ * (1) (multiplicities taken into account).
When u has order 2. To simplify things, we shall use that ε 4a = 0 for theoretical reason (see [10, Proposition 3.1] or Lemma 5.6). Then, taking augmentation of u gives ε 2a + ε 2b = 1, and χ 1b (u) = ε 2a − ε 2b = 2ε 2a − 1. Note that χ 1b (u) = ±1 since χ 1b is of degree one. It follows that ε 2a = 1 or ε 2a = 0, and we are done.
When u has order 4. Taking augmentation of u gives
Since u 2 is rationally conjugate to 2a or 2b, the matrix Θ 3a (u 2 ) is conjugate to Θ 3a (2a) or Θ 3a (2b), by the remark at the end of Section 2, and as both ϕ 3a (2a) and ϕ 3a (2b) are different from the degree of ϕ 3a , it follows that Θ 3a (u) is of order 4. When u has order 6. Taking augmentation of u gives
The
Let Θ be one of Θ 3a and Θ 3b , with Brauer character ϕ. Then
for some ν i ∈ {±1}, a primitive third root of unity ζ, and α i ∈ Z. Since ϕ(u 2 ) = ϕ(3a) = 0, we have ζ α1 + ζ α2 + ζ α3 = 0. Together with Θ(u) ∈ Z, it follows that
, then ϕ(u 3 ) = 1, so ϕ = ϕ 3a and u 3 is conjugate to 2b. Suppose that u 3 is conjugate to 2a. Then the preceding observation shows that ϕ 3a (u) = ϕ 3b (u) = 2. It follows that −2ε 2a = ϕ 3a (u) + ϕ 3b (u) = 4, and ε 2a = −2. Now ε 3a = 3 from (4.7). But then ϕ 5a (u) + ϕ 5b (u) = 2ε 2a − 2ε 3a = −4 − 6 = −10, implying ϕ 5a (u 2 ) = ϕ 5a (1) which is impossible. Hence u 3 is conjugate to 2b. Then ϕ 3a (u 3 ) = 1, so ϕ 3a (u) = −2. Also ϕ 3b (u 3 ) = −1 and ϕ 3b (u) = 2. It follows that −2ε 2a = ϕ 3a (u) + ϕ 3b (u) = 0, i.e., ε 2a = 0. Now ε 3a = 0 from (4.8). Using (4.5), which now reads ε 2b + ε 4a + ε 6a = 1, we get ϕ 5a (u) = ε 2b − ε 4a + ε 6a = 1 − 2ε 4a . Subtracting (4.5) from ε 2b − ε 4a − 2ε 6a = ϕ 3a (u) = −2 gives 2ε 4a + 3ε 6a = 3, and we further obtain ϕ 5a (u) = −2 + 3ε 6a . Since |−2 + 3ε 6a | < ϕ 5a (1) = 5, it follows that ε 6a ∈ {0, 1, 2}. If ε 6a = 0 or ε 6a = 2, then ε 4a = 3/2 or ε 4a = −3/2, which is impossible. Hence ε 6a = 1, and ε 4a = 0, ε 2b = 0 easily follows. Thus ε 6a is the only partial augmentation which does not vanish.
Remark 4.1. Suppose that the Zassenhaus conjecture is verified for a symmetric group S n . Then the Zassenhaus conjecture also holds for the symmetric groups S m , m < n, since there is no fusion of conjugacy classes of S m in S n .
The groups PSL(2, p
f )
The groups PSL(2, p f ) should be seen as a prototype for intended applications. Most of the classes are p-regular, and it appears to be natural to work with the Brauer characters in defining characteristic.
Group-theoretical properties of PSL(2, p f ) are described in [12, Kapitel II, §8]. In particular, PSL(2, p f ) has order
, has cyclic subgroups of order
, and each p-regular element of G lies in a conjugate of one of these subgroups. Also, if g is a p-regular element of G of order > 2, then g and g −1 are its only conjugates in g .
The representation theory of these groups is well-known, and some references are given below (we will only use characters). The p-modular representation theory of SL(2, p) is described in Alperin's beautiful book [1] , and there is also a nice introductory article [11] by Humphreys on the representations of SL(2, p).
The character Table 3 .
Entries: sign ε such that q ≡ ε mod 4, δ ε,±1 Kronecker symbol, ρ = e 4πi/(q−1) , σ = e 4πi/(q+1) , [23] who did the formal calculations needed for application of the Luthar-Passi method (3.3). The calculation of (3.3) for the following result in the case f = 1 is reported in [3] . We shall give more direct arguments.
Proposition 5.1. Let G = PSL(2, p f ) for an odd prime p, and f ≤ 2. Then units of order p in V(ZG) are rationally conjugate to elements of G.
Proof. Let u be a torsion unit in V(ZG) of order p, and let α be its partial augmentation with respect to the class of c, an element of order p. Then 1 − α is its partial augmentation with respect to the other class of elements of order p.
Suppose that G = PSL(2, p), and set ζ = e 2πi/p . The character table of G involves Gaussian sums: 
If α > 0, then this character value is a sum of 1 2 (p + ε) roots of unity if and only if α = 1. By symmetry (we may also use η 2 ), it follows that one of the partial augmentations of elements of order p vanish. Now suppose that G = PSL(2, p 2 ). Then ε = 1 as p 2 ≡ 1 mod 4, and we have
Note that if n is a natural number, and −n is a sum of m p-th roots of unity, then m ≥ n(p − 1). Hence if α < 0, then
which is impossible. Thus α ≥ 0. By symmetry (use η 2 ), also 1 − α ≥ 0. So α = 0 or α = 1, and we are done.
Remark 5.2. Let G = PSL(2, p f ) for an odd prime p. Then the two conjugacy classes of elements of order p in G fuse in H = PSL(2, p 2f ). Thus a unit of order p in V(ZG) is conjugate to an element of G in the units of QH.
Apparently, we could exploit the fact that some character degrees were small when compared with the orders of the involved elements. This is also what underlies the proof of the next proposition. Proof. We can assume that p > 5 since PSL(2, 3) and PSL (2, 5) are the alternating groups of order 12 and 60, respectively, for which the Zassenhaus conjecture is known to hold [16] .
Since G has no elements of order p 2 , there are no torsion units in V(ZG) of order p 2 (see [19, (7. 3)]). Suppose that a torsion unit u in V(ZG) is of order pr, for some prime r different from p. Let ε c and ε d be the partial augmentations of u with respect to the two conjugacy classes of G of elements of order p. Write u = g∈G a g g (all a g ∈ Z). Elementary calculus shows (see [19, Section 7] ):
Thus the 1-coefficient of u p , which is zero by a classical result of Berman and Higman, lies in ε c + ε d + pZ, and it follows that ε c + ε d is divisible by p. Likewise, we obtain that the sum of all partial augmentations of u with respect to conjugacy classes of r-elements is divisible by r. Note that all other partial augmentations of u vanish (by [18, Theorem 2.7] ). Since u has augmentation one, we therefore have ε c + ε d = mp for some non-zero integer m. Suppose that r | 1 2 (p + 1). Then χ 1 (x) = 0 for all r-elements x of G \ {1}, so χ 1 (u) = ε c + ε d = mp. As χ 1 has degree p + 1, it follows that m = ±1, and ±p is the sum of p + 1 (pr)-th roots of unity. This can only happen if p = 3 (and r = 2), a case which is excluded. Now if r | 1 2 (p − 1), then θ 1 (x) = 0 for all r-elements x of G \ {1}, so θ 1 (u) = −mp, which is impossible since θ 1 has degree p − 1. Thus the proposition is proved. Now we consider p-regular torsion units. We only prove a few partial results for G = PSL(2, p f ), but we are confident that one can expect more (when the modular version (3.4) of the Luthar-Passi method is used more rigorously), perhaps even that all p-regular torsion units of V(ZG) are rationally conjugate to elements of G.
Let a and b be elements of G of order
. Let ρ and σ be roots of unity of the same order as a and b, respectively. The group G has Brauer characters ϕ 1 , ϕ 3 , ϕ 5 , . . . of degree 1, 3, 5, . . . (arising from the action of SL(2, p f ) on homogeneous polynomials in two variables of degree 0, 2, 4, . . .) such that if Θ 2l+1 is a representation affording ϕ 2l+1 , then
The proof of the first result is uncomplicated.
Proposition 5.4. Let G = PSL(2, p f ), and let r be a prime different from p. Then any torsion unit u in V(ZG) of order r is rationally conjugate to an element of G.
Proof. By [18, Theorem 2.7] , ε x (u) = 0 for every r-singular element x of G. Also ε x (u) = 0 for every r-element x of order > r, by [10, Proposition 3.1] (see Lemma 5.6). Hence ε x (u) = 0 is only possible for elements x of order r, and we can assume that r = 2 (there is only one conjugacy class of elements of order 2 in G). Let x be an element of order r in G. Then ϕ 3 (x) = 1 + ζ + ζ −1 for a primitive r-th root of unity ζ. By Theorem 2.2,
In particular, ϕ 3 (u) ∈ Z[ζ + ζ −1 ], and as ϕ 3 (u) is a sum of three r-th roots of unity, ϕ 3 (u) = 1 + ζ j + ζ −j for some 0 ≤ j ≤ (r − 1)/2. Comparing both expressions for ϕ 3 (u), it follows that j = 0 (otherwise all ε x i (u) would be equal to −2, which is impossible), and further that ε x j (u) = 1, and that all other partial augmentations of u vanish.
The next lemma confirms a conjecture of A. A. Bovdi (cf. [14] ) for the groups PSL(2, p f ).
Lemma 5.5. Let G = PSL(2, p f ), and let r be a prime different from p. Suppose that u is an r-torsion unit in V(ZG), of, say, order r n . For any integer m, let T r m ⊂ G be a set of representatives of the conjugacy classes of elements of order r m in G. Then x∈T r m ε x (u) = 0 for all 0 ≤ m < n.
Moreover, there exist elements of G of the same order as u, and for such an element g, we have µ(1, u, ϕ) = µ(1, g, ϕ) for each p-modular character ϕ of G (notation as in Section 3).
Proof. There exists an element g in G of the same order as u (see [19, (7. 3)]). We shall prove by induction on n and m < n that µ(1, u, ϕ) = µ(1, g, ϕ) for each p-modular character ϕ of G, and x∈T r m ε x (u) = 0 for all 0 ≤ m < n. By Proposition 5.4, and the Berman-Higman result, the assertion holds for n = 1, and we can assume that n > 1, m ≥ 1. Suppose that the claim holds for smaller values of n or m.
We also write T ≤r m for a set of representatives of the conjugacy classes of relements of G of order equal or less than r m in G, and T >r m for such a set of r-elements whose order is greater than r m , but equal or less than r n . The latter condition is just a technical one, which makes sense since by [10, Proposition 3.1] (see Lemma 5.6) , ε x (u) = 0 for every r-element x of order > r n . Let ζ be a primitive r n -th root of unity, and set Tr = Tr Q(ζ)/Q . Note that for any integer l, 
Inductively, we may assume that µ(1, u r , ϕ k ) = µ(1, g r , ϕ k ) = 1. Note that for elements x and y of g of the same order, ϕ k (x) and ϕ k (y) are algebraically conjugate, so Tr(ϕ k (x)) = Tr(ϕ k (y)). Hence for 0 ≤ l < m, we obtain inductively
Together with (5.1), it follows that
Hence µ(1, u, ϕ k ) ≡ 1 mod 2 since x∈T ≤r m ε x (u) is divisible by r, by [6, Theorem 4.1]. On the other hand, µ(1, u, ϕ k ) ≤ 1 as µ(1, u r , ϕ k ) = 1. So µ(1, u, ϕ k ) = 1, and x∈T ≤r m ε x (u) = 0 as desired. It remains to show that µ (1, u, ϕ) = µ(1, g, ϕ) for a p-modular character ϕ of G. As above, we obtain inductively
Thus the lemma is proved.
Positive results on torsion units of mixed order are also to be expected. We begin with a lemma which is of independent interest. Lemma 5.6. Let G be a finite group and let u be a torsion unit in V(ZG). Suppose that x is an element of G whose p-part, for some prime p, has order strictly greater than the order of the p-part of u. Then ε x (u) = 0.
Proof. This is proved in the exact same manner as [10, Proposition 3.1]. Set C = (x, u) ≤ G × u , and consider M = Z p G as Z p C-module, the action given by m·(x, u) = x −1 mu for m ∈ M . By [19, (38.12) ], we have to show that the character of C afforded by M vanishes on (x, u), and this will be achieved by showing that M is projective (then, we can dispose of [7, (32.15) ]). Let P be the Sylow p-subgroup of C, and let Q ≤ C such that C = P × Q. Then M is projective as an Z p Qmodule, and Z/pZ ⊗ Z p M is projective as an (Z/pZ)P -module since the element of order p in P acts freely on (Z/pZ)G (by left multiplication). Thus M is projective (see [2, Theorem 9.1]).
We note the following proposition which in [10, Example 3.6] was proved for PSL(2, 7) by an ad hoc argument. Again, the proof is pretty simple.
Proposition 5.7. Let G = PSL(2, p f ) with p = 2, 3. Then any torsion unit in V(ZG) of order 6 is rationally conjugate to an element of G.
Proof. Let u be a torsion unit in V(ZG) of order 6. Then G has unique conjugacy classes of elements of order 2 and 3, and, if G contains an element of order 6, also a unique conjugacy class of elements of order 6. We denote the corresponding partial augmentations of u by ε 2 , ε 3 and ε 6 , agreeing that ε 6 = 0 if G contains no element of order 6. By Lemma 5.6, these are the only partial augmentations of u which are possibly non-zero. Since u has augmentation 1, ε 2 + ε 3 + ε 6 = 1. The Brauer characters ϕ 3 and ϕ 5 have the following values on the relevant classes (the last column may be left out): 2a 3a 6a
By Proposition 5.4, and the remark at the end of Section 2, we have
for a primitive third root of unity ζ. By Theorem 2.2,
. Thus ϕ 5 (u) = 1, and we obtain ε 3 = 0. Thus ε 6 = 0 (otherwise ε 2 is the only partial augmentation which does not vanish). We have
Since ϕ 3 (u) ∈ Z, this forces Θ 3 (u) ∼ diag(−ζ 2 , 1, −ζ), so ϕ 3 (u) = 2. Also ϕ 3 (u) = −ε 2 + 2ε 6 , and we obtain, using −ε 2 = −1 + ε 6 , that ε 6 = 1, and ε 2 = 0.
Thus by [18, Theorem 2.5] and Proposition 5.4, u is rationally conjugate to a group element.
We finally prove:
Proposition 5.8. Let G = PSL(2, p f ). Then for any p-regular torsion unit u in V(ZG), there is an element of G of the same order as u.
Proof. Let u be a p-regular torsion unit in V(ZG). If u is of prime power order, then there exists an element in G of the same order as u (see [19, (7. 3)]). Thus we can assume that u has order rs for different primes r and s such that r | p f − 1 and s | p f + 1, and have to reach a contradiction. By Proposition 5.4, and the remark at the end of Section 2, we have
r ) for a primitive s-th root of unity ζ s , and a primitive r-th root of unity ζ r . Replacing the roots of unity by suitable powers, if necessary, we therefore either have Θ 3 (u) ∼ diag(ζ where the x i , i ∈ I are representatives of the conjugacy classes of elements of order r, and the y j , j ∈ J are representatives of the conjugacy classes of elements of order s. In particular, ϕ 3 (u) is a real number, and it follows that Θ 3 (u) ∼ diag(ζ r ζ s , 1, ζ In particular, the Zassenhaus conjecture is verified for the groups PSL(2, p), p = 7, 11, 13, by Propositions 5.1, 5.3, 5.4, 5.7 and 5.8.
